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Equivariant resolutions

Theorem

Let R “ Crx1, . . . , xns, M be a finitely generated graded
R-module and

F‚ : F0
B1
ÐÝ F1

B2
ÐÝ F2 Ð . . .Ð Fn´1

Bn
ÐÝ Fn Ð 0

a graded minimal free resolution of M .
Let G be a linearly reductive group acting on R and M

C-linearly,

preserving degrees (degpg ¨mq “ degpmq),

preserving products (g ¨ prmq “ pg ¨ rqpg ¨mq).

Then G acts on each Fi and the action commutes with Bi.

The resolution F‚ is said to be G-equivariant.
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Equivariant resolutions

Proposition

If F‚ is an equivariant resolution with the action of a group G,
each Fi can be written as Vi bC R, where Vi is a finite dimensional
graded representation of G.

To understand an equivariant resolution, we need to identify the
isomorphism class of each Vi as a representation.
This information can be used to:

give a representation theoretic/combinatorial interpretation of
Betti numbers;

refine invariants (such as the Hilbert series);

describe the differentials in a resolution.
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De Concini-Procesi ideals

µ “ pµ1, . . . , µtq partition of n

Xµ nˆ n unipotent matrix whose Jordan canonical form has
blocks of size µ1, . . . , µt

Definition

The Springer fiber associated to µ is

Fµ :“ tV0 Ă V1 Ă . . . Ă Vn “ Cn | dimCpViq “ i,XµpViq Ď Viu.

Theorem (De Concini-Procesi, 1981)

H˚pFµq – R{Iµ̃, where µ̃ is the conjugate partition of µ.

Iµ̃ is the De Concini-Procesi ideal associated with µ̃.
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De Concini-Procesi ideals

µ “ pµ1, . . . , µtq partition of n

D set of nˆ n diagonal matrices;

Nµ set of nˆ n nilpotent matrices whose Jordan canonical
form has blocks of size µ1, . . . , µt

Theorem (Kraft, 1981)

D ˆAn2
C

N µ – SpecpR{Iµq

Iµ is the De Concini-Procesi ideal associated with µ.
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Facts & questions about DCP ideals

Facts

The action of the symmetric group Sn permuting the
variables of R “ Crx1, . . . , xns stabilizes Iµ.

The representation theoretic structure of R{Iµ is well
understood (Garsia-Procesi, 1992).

De Concini-Procesi ideals have recently been used in
computation of Hilbert series for certain artinian Gorenstein
ideals (Geramita-Hoefel-Wehlau, 2014).

Questions

Can we describe a minimal generating set of Iµ?

What are the graded Betti numbers of Iµ?

Can we describe an Sn-equivariant resolution of Iµ?
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The case of hook partitions

Proposition (Biagioli-Faridi-Rosas 2007)

For 1 ď d ď n and µ “ pn´ d` 1, 1d´1q,

Iµ “ pe1, . . . , ed´1q ` pxi1 . . . xidq “ En,d ` In,d, where the ei
are elementary symmetric polynomials;

te1, . . . , ed´1uY txi1 . . . xidu is a minimal generating set of Iµ;

a minimal free resolution of In,d gives one of Iµ via iterated
mapping cones.

Facts

In,d is Sn-stable.

Each ei is Sn-invariant.

An equivariant resolution of In,d gives one of Iµ via iterated
mapping cones.
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Sample resolutions

In,d has a linear Sn-equivariant minimal free resolution:

0 In,d F0 F1 . . . Fn´d 0

so Fi – Un,di bC Rp´d´ iq.

Examples

For d “ n,

0 In,n rns 0

For d “ 1, F‚ is a Koszul complex, so

Un,1i –
Źi`1Cn – rn´ i´ 1, 1i`1s ‘ rn´ i, 1is.

For d “ n´ 1,

0 In,n´1 rns ‘ rn´ 1, 1s rn´ 1, 1s 0
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Main result

Theorem (G.)

In,d has an Sn-equivariant minimal free resolution of the form

Un,d0 bRp´dq Ð . . .Ð Un,di bRp´d´ iq Ð . . .

where, for all 0 ď i ď n´ d,

Un,di – IndSn
Sd`iˆSn´d´i

`

rd, 1is b rn´ d´ is
˘

.

Facts

Un,di is multiplicity free.

ResSn
Sn´1

pUn,di q – Un´1,di ‘ Un´1,d´1i ‘ Un´1,di´1 .
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Combinatorial interpretation of Betti numbers

Proposition (G.)

Un,di has a basis consisting of standard Young tableaux on pd, 1iq
with entries from t1, . . . , nu.

Example (n=5,d=2,i=2)
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