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The setting

k field

R “ krx1, . . . , xns with a positive grading

M finitely generated graded R-module

F‚ minimal free resolution of M

Proposition

If G is a group acting reasonably on R and M , then the action of G
extends to F‚.

Reasonably means: G is linearly reductive, acts k-linearly on R and M ,
preservers degree, and distributes over multiplication.
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The problem

k field

R “ krx1, . . . , xns with a positive grading

M finitely generated graded R-module

F‚ minimal free resolution of M

G ýF‚

Questions

1 Can we determine the action of G on F‚?

2 Can we describe TorRi pM, kqj as a G-representation?

3 Can we answer 1 and 2 computationally?
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Motivations

A group action on a resolution may help to:

construct the resolution;

describe Betti numbers combinatorially;

describe differentials.

Some big success stories rely on group actions:

determinantal ideals (Lascoux, 1978);

pure resolutions (Eisenbud-Fløystad-Weyman, 2011);

Kempf-Lascoux-Weyman geometric method.

Note: the examples above use “large” groups.
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A finite group example

Theorem (G., 2020)

Let Id be the ideal generated by all squarefree monomials of degree d
in krx1, . . . , xns. The number of standard Young tableaux of shape
pd, 1iq with entries from 1 to n is equal to βi,d`ipIdq.

Example (d “ 2, n “ 4)

0 Ð I2 Ð Rp´2q6 Ð Rp´3q8 Ð Rp´4q3 Ð 0
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What can we currently do?

I have an algorithm to determine the action of a semisimple Lie group
on a minimal free resolution (in characteristic zero).

G., Propagating weights of tori along free resolutions.
J. Symbolic Comput., 74:1–45, 2016.

G., Free resolutions and modules with a semisimple Lie group
action. J. Softw. Algebra Geom., 7:17–29, 2015.

INPUT: weights of a maximal torus on ring variables and module
generators.

OUTPUT: highest weights decomposition of modules in the resolution.

Question

What about finite groups?
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Character Theory

G, a finite group

V , a finite dimensional G-representation

χV : G Ñ k, χV pgq “ tracepg : V Ñ V q, character of V

@g, h P G, χV pghg´1q “ χV phq

Example

S4 ýV “ xx1x2, x1x3, x2x3, x1x4, x2x4, x3x4yk

σ p1234q p123q p12qp34q p12q idS4

χV pσq 0 0 2 2 6

Theorem

Assume charpkq ∤ |G|. Two G-representations V and W are isomorphic
if and only if χV “ χW .
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Idea!

Example

R “ Crx1, . . . , x4s

I “ xx1x2, x1x3, x2x3, x1x4, x2x4, x3x4y

σ “ p12qp34q

R F1

R F1

“

x1x2 x2x4 x1x4 x2x3 x1x3 x3x4

‰

“

x1x2 x1x3 x2x3 x1x4 x2x4 x3x4

‰

»

—

—

—

—

—

–

1 0 0 0 0 0
0 0 0 0 1 0
0 0 0 1 0 0
0 0 1 0 0 0
0 1 0 0 0 0
0 0 0 0 0 1

fi

ffi

ffi

ffi

ffi

ffi

fl

“

1
‰

Therefore χpF1{mF1q2pσq “ 2.
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Lifting actions

I Ď R a G-stable ideal

pF‚, d‚q minimal free resolution of R{I

@g P G, define dgi : Fi Ñ Fi´1 by dgi “ g´1di

Theorem (G., 2022)

For every g P G,

1 pF‚, d
g
‚q is a minimal free resolution of R{I.

2 If ψg
‚ : pF‚, d‚q Ñ pF‚, d

g
‚q lifts the identity, then χpFi{mFiqj

pgq is
equal to the trace of ψg

i in degree j.

This approach is independent of the group.
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Betti characters

Definition

The Betti character βGi,jpMq is the character of G on TorRi pM,kqj

(previously denoted χpFi{mFiqj
if F‚ resolves M).

1 F. Galetto. Finite group characters on free resolutions. Journal of
Symbolic Computation, 113:29–38, 2022.

2 F. Galetto. Setting the scene for Betti characters, 2021,
arXiv:2106.16062.
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Macaulay2 Demo

Federico Galetto Finite group actions on free resolutions Cleveland State University


